This work considers the Riemann boundary value problem with the piecewise continuous coefficient in Morrey-Hardy classes. Under some conditions on the coefficient, the Fredholmness of this problem is studied and the general solution of homogeneous problems in Morrey-Hardy classes is constructed.
Introduction
The concept of Morrey space was introduced by C. Morrey in 1938. Since then, various problems related to this space have been intensively studied. Playing an important role in the qualitative theory of elliptic differential equations (see, for example, [1, 2] ), this space also provides a large class of examples of mild solutions to the Navier-Stokes system [3, 4] . There appeared lately a large number of research works which considered fundamental problems of the theory of differential equations, potential theory, maximal and singular operator theory, approximation theory, etc in these spaces (see, for example, [5] and the references above). More details about Morrey spaces can be found in [6, 7] .
In view of the aforesaid, there has recently been a growing interest in the study of various problems in Morrey-type spaces. For example, some problems of harmonic analysis and approximation theory have been considered in [8] [9] [10] [11] [12] .
In this work, we consider the Riemann boundary value problem in Morreytype Hardy spaces. We study the solvability of this problem and construct a general solution for homogeneous problem under some conditions on the coefficient of the problem.
Note that in [11] we treated the Morrey-Hardy and Morrey-Lebesgue classes. We defined the subspaces of these spaces where the shift operator was continuous. The basicity of the classical system of exponents and some of its parts in these subspaces are studied
Needful Information
We will need some facts about the theory of Morrey-type spaces. Let Γ be some rectifiable Jordan curve on the complex plane C. By |M | Γ we denote the linear Lebesgue measure of the set M ⊂ Γ.
The expression f (x) ∼ g (x), x ∈ M , means
A similar meaning will be attached to the expression
By S Γ we denote the following singular integral operator
Unit circle centered at z = 0 will be denoted by γ with int γ = ω. Define the Morrey-Hardy space H p,α + of functions f (z) analytic inside ω with a norm
The following theorem was proved in [11] 
The analog of Smirnov theorem in Morrey-Hardy classes is also true. 
Using the results of [9, 10, 12] , it is easy to prove the following Theorem 4. Singular operator S acts boundedly inL p,α (γ) , when 0 < α ≤ 1 and 1 < p < +∞.
Consider the space H 
+ is a subspace ofL p,α with regard to the norm · L p,α . Let 
Similar to the classical case, we define the Morrey-Hardy class outside ω.
We will say that the function f analytic in D − has finite order k at infinity, if its Laurent series in a neighborhood of the point at infinity has the following form
Thus, when k > 0, the function f (z) has a pole of order k; when k = 0, it is bounded; and when k < 0, it has a zero of order
, where f 0 (z) is the main, and f 1 (z) is the regular part of expansion (1) for the function f (z). Let f (z) = f 0 (z) + f 1 (z), where f 0 (z) is the main, and f 1 (z) is the regular part of expansion (1) for the function f (z). Consequently, We will use also the following concepts. Let Γ ⊂ C be some bounded rectifiable curve, and t = t (σ) , 0 ≤ σ ≤ l, be its parametric representation with respect to the length of arc σ, where l is the length of Γ. Let dµ (t) = dσ, i.e. µ ( · ) is a linear measure on Γ. Let Γ t (r) = {τ ∈ Γ : |τ − t| < r} , Γ t(s) (r) = {τ (σ) ∈ Γ : |σ − s| < r} .
It is absolutely clear that Γ
Curve Γ is said to satisfy the chord-arc condition at the point t 0 = t (s 0 ) ∈ Γ, if there exists a constant m > 0, independent of t, such that
Γ satisfies the chord-arc condition uniformly on Γ, if
Let's state the following lemma from [12] , which is interesting in itself.
Lemma 2 [12] . Let Γ be a bounded rectifiable curve. If the power function
. If Γ is a Carleson curve, then this condition is also sufficient. We will essentially use the following theorem of N. Samko [12] . Theorem 5 [12] . Let the curve Γ satisfy the chord-arc condition and the weight ρ ( · ) be defined as follows
Singular operator S Γ is bounded in the weighted space L p,α ρ (Γ) , 1 < p < +∞, 0 ≤ α < 1, if the following inequalities are valid
Moreover, if Γ is smooth in some neighborhoods of the points t k , k = 1, m, then the validity of the inequalities (3) is necessary for the boundedness of
In what follows, as Γ we will consider a unit circle γ = ∂ω. Consider the weighted space L 
ρ is an invariant subspace with respect to the singular operator S, if the inequalities (3) are fulfilled.
Thus, the following theorem is valid. Theorem 6. Let the weight function ρ ( · ) be defined by (2), with Γ ≡ γ. If the inequalities (3), are fulfilled, then the singular operator S acts boundedly inL p,α ρ . The following simple lemma is valid.
+∞). Then the following Hölder inequality holds
In the sequel, we will often use the following obvious lemma.
Lemma 4. Let |f (t)| ≤ |g (t)|, for almost every
To obtain our main result, we will also use the following lemma that follows directly from Lemma 2 [12] .
, ∀k, are valid, where 0 < α < 1, 1 < p < +∞.
Homogeneous Riemann problem in MorreyHardy classes
Let's consider the following homogeneous Riemann problem in classes (H p,α
where G e it = G e it e iθ(t) , θ (t) = arg G e it , t ∈ [−π, π) .
We will treat the problem (4) with the help of method developed by I.I. Daniliuk in [13] . Introduce the following functions X ± i (z) analytic inside (with the sign +) and outside (with the sign -) the unit circle
Sokhotski-Plemelj formulas yield
.
Following classics, we call the function Z (z) a canonical solution of the problem (4).
Substituting G (τ ) from (5) in (4) we get
and let
It is not difficult to see that the function Z (z) has neither a zero nor a pole if z / ∈ γ. Therefore, the functions Φ (z) and F (z) have the same order at infinity. The results of [13] immediately imply that the function Φ (z) belongs to the Hardy class H ± δ for sufficiently small δ > 0. Let's show that Φ (z) ∈ H ± 1 . To do so, it suffices to prove that Φ ± (τ ) ∈ L 1 (γ). The rest will immediately follow from the Smirnov theorem.
The relation
− true by the definition of solution, immediately implies F − ∈ L p,α . Therefore, by Lemma 2, to prove the validity of the inclusion
In the sequel, we will assume that the function θ ( · ) is of bounded variation and has a representation θ (t) = θ 0 (t) + θ 1 (t), where θ 0 ( · ) − is a continuous part of θ ( · ) in [−π, π], and θ 1 ( · ) is a jump function
Denote
According to the results of [13] , Z − 2 (τ ) is expressed by the formula
The Sokhotski-Plemelj formula directly implies that sup vrai
Thus, we have the following representation for |Z − (e it )| −1 :
According to [13] , we have sup vrai
Applying Lemma 2 to (6) and taking into account Lemma 5 we obtain that the function |Z − (e it )| −1 belongs to the space L q,α , if the following inequalities are true
So we obtain that if the inequalities (7) are true, then the function Φ − (e it ) belongs to L 1 . This follows directly from Lemma 3. Then the uniqueness theorem of [13] 
Let's show that the function F ( · ) belongs to the class H p,α ± . To do so, it suffices to prove that Z − (e it ) belongs to L p,α . From (6) we obtain the representation
Using Lemma 5 again, we obtain that the inclusion Z − ∈ L p,α is true if and only if the following inequalities are fulfilled
Hence we obtain that if the inequalities (7) and (8) 
If the inequalities
are fulfilled, then the homogeneous Riemann problem (4) has a general solution in classes H p,α
, where Z ( · ) − is a canonical solution, and, P m ( · ) − is an arbitrary polynomial of degree k ≤ m.
This theorem has the following corollary. 
follows from Lemma 1, that it suffices to prove the validity of inclusion Z ± 2 ∈L p,α , applying StokhotskiPlemelj formula to L ∞ ⊂L p,α . As, θ ( · ) ∈ L ∞ , applying Stokhotski-Plemelj formulas to Z 2 (z), we obtain from Theorem 6 that the inclusion Z On the contrary, if the inequalities (10) are true, then it is clear that there exists ∃α ∈ (0, 1), such that the inequalities (9) , are also true. Hence it follows the validity of the assertion of Theorem 7.
